Abstract. In this note we prove that a homomorphism from a compact connected simple Lie group with the norm topology to any separable SIN group is automatically continuous. This generalizes a result by Dowerk and Thom. Further, we prove some elementary characterizations of invariant automatic continuity.
Introduction
Automatic continuity of group homomorphisms is a classical subject which dates back to a question of Cauchy on the continuity of endomorphisms of (R, +), endowed with the usual topology. See Rosendal's survey [Ros09] for more historical background on the subject. Recall that a topological group G has automatic continuity if every homomorphism from G to any separable topological group is continuous. It follows from the work of Kallman [Kal00] , see also [Ros09, Example 1.5], that non-trivial compact connected Lie groups do not have automatic continuity, and in fact it is not known whether there exists a compact or even a locally compact group with automatic continuity.
In contrast, amongst other results, the second named author and Thom have proven in [DT15] that every homomorphism from a
• finite-dimensional projective unitary group PU(n), n ∈ N, • finite-dimensional special unitary group SU(n), n ∈ N, endowed with the norm topology, to any separable SIN group is continuous. Following [DT15] , we say that these compact connected Lie groups have the invariant automatic continuity property, abbreviated (IAC). On the other hand, the unitary group U(n) does have discontinuous homomorphisms into the separable SIN group R, as one can show using a composition of the continuous determinant U(n) → U(1) with a discontinuous homomorphism U(1) → R (which can be constructed using the axiom of choice). The notion of invariant automatic continuity has also proven to be fruitful in the context of some compact totally disconnected groups (i.e. profinite groups), see the work of Le Maître and Wesolek [LMW17] .
The main goal of this short article is to generalize the (IAC) results on PU(n) and SU(n) to compact connected simple Lie groups, which is proven in Section 3, see Theorem 3.4. Here simple means that the Lie group is non-abelian and has no non-trivial closed connected normal subgroups.
Theorem A. Every homomorphism from a compact connected simple Lie group to any separable SIN group is continuous.
Further we obtain a few characterizations of invariant automatic continuity in Section 2, inspired by the work of Rosendal [Ros08] and Rosendal and Solecki [RS07] on automatic continuity. We do not assume topological groups to be Hausdorff.
Theorem B. Let (G, τ ) be a topological group. The following are equivalent.
(i) The topological group G has the invariant automatic continuity property.
(ii) Every homomorphism from G to a ℵ 0 -bounded SIN group is continuous. (iii) Every homomorphism from G to a Polish SIN group is continuous. (iv) Every homomorphism from G to a fixed universal Polish SIN group is continuous.
Except for equivalence (iv) in Theorem B (which is also Proposition 2.11), all results are taken from the master's thesis of the first named author under supervision of the second named author.
Characterizations of invariant automatic continuity
2.1. Preliminaries on topological groups and invariant automatic continuity. A topological group G is a group with a topology such that the operations of multiplication and taking inverses are continuous. We do not require the group topology to be Hausdorff. This is the case precisely when the singleton {1 G } of the neutral element is closed; {1 G } is always a normal subgroup. Topological groups are always regular [AT08, Theorem 1.3.14], i.e. if G is a topological group, then for every g ∈ G and for every open neighborhood U of g there exists an open neighborhood V of g such that V ⊆ U .
When using the terminology homomorphism we will always mean algebraic homomorphism, i.e. without continuity imposed. Since the left and right translation maps are homeomorphisms, it follows that a homomorphism between topological groups is continuous if and only if it is continuous at the neutral element. Bijective bicontinuous homomorphisms are called topological isomorphisms. A topological embedding is a map ϕ : G → H between topological groups such that its surjective restriction ϕ : G → ϕ(G) is a topological isomorphism.
The following lemma follows from the continuity of the k-ary multiplication map.
Lemma 2.1. Let G be a topological group and
The basic theorem for metrizability of topological groups is by Birkhoff and Kakutani, see [Bir36] and [Kak36] . In order to show that we may assume the target groups in the definition of (IAC) to be Hausdorff, we will use the following fact.
Proposition 2.3. Let ϕ : G → H be a group homomorphism between topological groups.
Then ϕ is continuous if and only if ϕ is so.
Proof. Denote the natural projection map H → H/{1 H } by π. Then ϕ = π • ϕ, so that ϕ is continuous if ϕ is so (since π is continuous by definition of the quotient topology).
Conversely, assume that ϕ is continuous. It suffices to show that ϕ is continuous at 1
As any topological group is regular, we can find an open neighborhood W 2 of 1 H such that W 2 ⊆ W 1 . So
by (1). We conclude that ϕ is continuous at 1 G and thus continuous everywhere.
A subset A ⊆ G is called countably syndetic if countably many translates of A cover G, that is, if there exists a countable subset T ⊆ G such that
If every non-empty open subset of G is countably syndetic, then G is called ℵ 0 -bounded or ω-narrow. One can show that every separable group is ℵ 0 -bounded and that ℵ 0 -boundedness passes to subgroups, products and quotients [AT08, Propositions 3.4.2 and 3. 
Theorem 2.4 (Guran).
A Hausdorff group is ℵ 0 -bounded if and only if it is topologically isomorphic to a subgroup of a product of second countable groups. In addition, we can take these second countable groups to be metrizable. One can adapt the proof of Guran's Theorem [Gur81] in [AT08] in the context of SIN groups. To this end we need a SIN version of Lemma 2.1. Recall that a subset
We say that a subset
Lemma 2.6. Let G be a SIN group and
Theorem 2.7. A Hausdorff group is ℵ 0 -bounded and SIN if and only if it is topologically isomorphic to a subgroup of a product of second countable SIN groups. In addition, we can take these second countable SIN groups to be metrizable.
Proof. Since both being SIN and ℵ 0 -boundedness pass to products and subgroups, we only need to show that ℵ 0 -bounded Hausdorff SIN groups can be topologically embedded into a product of second countable metrizable SIN groups. This will be achieved using the following more general construction, see also [AT08, Theorem 3.4.21].
If P is a property of topological groups, then a topological group G is called range-
where the product is over all open neighborhoods U ⊆ G of 1 G , is a topological embedding into a product of P-groups. Therefore, it suffices to show that Hausdorff ℵ 0 -bounded groups are range-(second countable metrizable SIN). Now let G be an ℵ 0 -bounded Hausdorff SIN group and fix an open neighborhood U ⊆ G of 1 G . Since G is SIN we can find a symmetric conjugacy-invariant open neighborhood U 0 ⊆ G of 1 G with U 0 ⊆ U . Apply Lemma 2.6 to inductively obtain a sequence (U n ) n∈N of symmetric conjugacy-invariant open neighborhoods of 1 G satisfying U 2 n+1 ⊆ U n for all n ∈ N. Denote the set of dyadic rationals by D. For every r = m 2 n ∈ D ∩ (0, 1], where m, n ∈ N, we define open neighborhoods V (r) of 1 G by induction on n as follows. We put V (1) = U 0 and having defined V (m/2 n ) for a certain n ∈ N and all 1 ≤ m ≤ 2 n , we put V (2 −n−1 ) = U n+1 and V ( 2m+1 2 n+1 ) = V (2 −n−1 )V (m/2 n ) for m ∈ {1, . . . , 2 n − 1} (note that V ( 2m 2 n+1 ) = V (m/2 n ) is already defined). We also choose V (r) = G for dyadic rationals r > 1. We use the neighborhoods V (r) for r ∈ D >0 to construct maps
One can check
where Q := G/Z, is a well-defined left-invariant metric on Q which induces a second countable group topology on Q, • and that the natural projection homomorphism π : G → Q : g → gZ is continuous with respect to d and satisfies
is the open d-ball in Q with center 1 Q and radius 1, see [AT08, . This shows that G is range-(second countable metrizable). It remains to show that Q is SIN, for which it suffices by Theorem 2.5 to show that d is right-invariant (hence bi-invariant). Since U n is conjugacy-invariant for all n ∈ N and the product of conjugacy-invariant sets remains conjugacy-invariant, it follows from the inductive construction that V (r) is conjugacy-invariant for all r ∈ D >0 . Therefore f satisfies f (ghg −1 ) = f (h) for all g, h ∈ G, which in turn implies the same for ℓ. This readily leads to the rightinvariance of d. Theorem 2.9 (Dowerk-Thom). Every invariant Steinhaus group has the invariant automatic continuity property.
Recall that a topological group is
Theorem 2.9 was used in [DT15] to show that the compact connected simple Lie groups PU(n) and SU(n) have the invariant automatic continuity property when endowed with the usual norm topology. These groups are known not to have the automatic continuity property, see [Ros09, Example 1.5]. Additionally, Theorem 2.9 was used in [DT15] to show that the (non-locally compact, Polish) projective unitary group of a separable type II 1 factor von Neumann algebra has the invariant automatic continuity property with respect to the strong operator topology. The notion of invariant automatic continuity can be used to show the uniqueness of Polish SIN topologies. Indeed, if (G, τ ) is a Polish SIN group with (IAC), then the open mapping theorem for Polish groups implies that τ is the only Polish SIN topology G admits. Invariant automatic continuity has also proven to be fruitful in the context of profinite groups, using again Theorem 2.9, see [LMW17] .
Characterizations of invariant automatic continuity.
We present an elementary characterization of invariant automatic continuity, which allows us to consider only homomorphisms into Polish SIN groups instead of potentially non-Hausdorff separable SIN groups. The following theorem is motivated by the paragraph below [RS07, Proposition 2] and analogously holds for automatic continuity instead of invariant automatic continuity, i.e. after removing SIN from the conditions. Theorem 2.10. Let G be a topological group. The following are equivalent.
(i) The topological group G has (IAC).
(ii) Every homomorphism G → H to an ℵ 0 -bounded SIN group H is continuous. (iii) Every homomorphism G → H to a Polish SIN group H is continuous.
One can of course add similar statements replacing the above classes of SIN target groups by any property in between, such as being ℵ 0 -bounded / separable / second countable and additionally being Hausdorff or even metrizable.
Proof. As any separable topological group is ℵ 0 -bounded and since Polish groups are separable, it suffices to prove that (iii) implies (ii). Assume that (iii) holds and consider an ℵ 0 -bounded SIN group H and a homomorphism ϕ : G → H. Consider the quotient group H = H/{1 H } and ϕ : G → H : g → ϕ(g){1 H }. Since H is ℵ 0 -bounded Hausdorff SIN, by the modified Guran Theorem 2.7 there exist second countable metrizable SIN groups {K i } i such that H can be identified with a subgroup of i K i . Consider ϕ : G → i K i and its component homomorphisms ϕ i : G → K i . Using Theorem 2.8 we can embed every K i into a Polish SIN group K i . By (iii) the associated homomorphisms ϕ i : G → K i are continuous. Hence so are the ϕ i : G → K i . It follows that ϕ : G → i K i is continuous as well and therefore the same is true for ϕ : G → H. Finally Proposition 2.3 yields that our original homomorphism ϕ : G → H is continuous, as required.
We now provide a characterization of invariant automatic continuity in the spirit of [Ros08, Proposition 1.2], which characterizes automatic continuity in terms of continuity of homomorphisms into the universal Polish group Homeo([0, 1] N ). The result below follows from the recent work of Doucha, see [Dou17] , who proved the existence of a universal Polish SIN group H, meaning that any Polish SIN group is topologically isomorphic to a closed subgroup of H.
Proposition 2.11. Let G be a topological group. The following are equivalent.
(ii) Any homomorphism from G to a fixed universal Polish SIN group is continuous.
Proof. (i) ⇒ (ii): This is a special case of the definition of (IAC).
(ii) ⇒ (i): Using Theorem 2.10 it suffices to show that any homomorphism ϕ : G → K into a Polish SIN group K is continuous. By [Dou17, Theorem 0.2] there exists a universal Polish SIN group H, i.e. K may be identified with a closed subgroup of H. As any homomorphism G → H is continuous by assumption, so is ϕ : G → K.
One can also characterize (IAC) on a group G by considering which group topologies G admits. Below the comparison τ ′ ⊆ τ of topologies means that τ is finer (or stronger) than τ ′ . The corresponding statement for (AC), i.e. after removing the SIN condition everywhere in the theorem below, is also valid.
Theorem 2.12. Let (G, τ ) be a topological group. Then the following are equivalent.
(i) The topological group (G, τ ) has (IAC).
(ii) τ ′ ⊆ τ for every ℵ 0 -bounded SIN group topology τ ′ on G.
(iii) τ ′ ⊆ τ for every second countable SIN group topology τ ′ on G.
Moreover, if τ is second countable Hausdorff SIN, then the following statement is also equivalent.
(iv) τ ′ ⊆ τ for every second countable metrizable SIN group topology τ ′ on G.
As for Theorem 2.10 one may replace the presented classes of SIN topologies in the equivalences of Theorem 2.12 by any of the properties ℵ 0 -boundedness / separability / second countability and in the case where τ is second countable Hausdorff SIN, additionally add Hausdorffness or metrizability.
Assume that τ G := τ contains every second countable SIN group topology on G. By Theorem 2.10 it suffices to show that if (H, τ H ) is a second countable SIN group and ϕ : (G, τ G ) → (H, τ H ) a homomorphism, then ϕ is continuous. Now the initial topology τ ϕ from ϕ is a second countable SIN group topology on G. By assumption it follows that τ ϕ ⊆ τ G which means that ϕ :
This proves the first three equivalences. As the implication (iii) ⇒ (iv) is clear, it remains to show that (iv) ⇒ (i) when τ is second countable Hausdorff SIN. By Theorem 2.10 it suffices to prove that every group homomorphism ϕ : G → H to a second countable Hausdorff SIN group H is continuous. Consider
Then ϕ ′ is an injective homomorphism into the group G × H, which is second countable Hausdorff SIN as a product of second countable Hausdorff SIN groups. Now the initial topology τ ϕ ′ of ϕ ′ on G is again second countable Hausdorff SIN (it is Hausdorff as {1 G } = ϕ ′−1 ({1 G×H }) is τ ϕ ′ -closed by Hausdorffness of G × H). By the Birkhoff-Kakutani Theorem 2.2 it is then even metrizable. Thus τ ϕ ′ ⊆ τ by assumption (iv), so that ϕ ′ is continuous (with respect to τ ). Therefore also its second component map ϕ is continuous.
It is not clear whether a similar statement involving Polish SIN group topologies would be equivalent as well. By the open mapping theorem for Polish groups this would lead to the statement that a Polish SIN group (G, τ ) has (IAC) if (and only if) τ is the unique Polish SIN topology G admits. In the setting of automatic continuity this is certainly false. For example, we can consider PU(n), which has a unique Polish group topology [GP08, Theorem 11], but does not have automatic continuity [Ros09, Example 1.5].
3. Invariant automatic continuity of compact connected simple Lie groups 3.1. Preliminaries on compact connected simple Lie groups. We only consider finite dimensional Lie groups. A Lie group is a group endowed with the structure of a (second countable Hausdorff) differentiable manifold such that the multiplication and inversion maps are smooth. A Lie group is called simple if it is non-abelian and contains no non-trivial closed connected normal subgroups. In particular, it follows that Z(L) ⊆ T . Theorem 3.3 (Stolz-Thom). Let L be a compact connected simple Lie group of rank r and let T be a maximal torus. Further let s, t ∈ T with λ(t) > 0. For any even integer m ∈ N \ {0} such that λ(s) ≤ mλ(t) one has
Here t L denotes the conjugacy class of t and t −L that of t −1 .
Compact connected simple Lie groups have (IAC).
Equipped with the results of the previous sections, we can now prove that compact connected simple Lie groups have invariant automatic continuity. In the proof we show that such a group is invariant Steinhaus and then must have (IAC) by Theorem 2.9.
Theorem 3.4. Every compact connected simple Lie group of rank r has the invariant Steinhaus property with exponent 8r 2 , hence has the invariant automatic continuity property (IAC).
Proof. We denote the compact connected simple Lie group by L and we fix a maximal torus T . Consider an arbitrary symmetric countably syndetic conjugacy-invariant subset W ⊆ L. Note that W must be uncountable as L is uncountable and hence in particular W ⊆ Z(L). Take some w ∈ W \ Z(L). By Theorem 3.1 there exists some t ∈ w L ∩ T . Since w / ∈ Z(L) we have t / ∈ Z(L). As W is conjugacy-invariant, we find that t ∈ (W ∩ T ) \ Z(L). Then δ := 2λ(t) > 0.
By continuity U := λ −1 ([0, δ) ) is an open set in T containing 1 T . Let u ∈ U . Then λ(u) < δ = 2λ(t). Theorem 3.3 implies that u ∈ t L ∪ t −L 8r 2 . Thus U ⊆ t L ∪ t −L 8r 2 . Since W ∋ t is symmetric, we have t −1 ∈ W and conjugacy-invariance of W implies that t L , t −L ⊆ W . Thus U ⊆ W 8r 2 .
Using Proposition 3.2 we can find a bi-invariant metric d : L × L → R ≥0 compatible with the topology on L. Then d restricts to a compatible bi-invariant metric on T and as U ∋ 1 T is open in T there exists an open ball B T := B T (1 T , ε) = {s ∈ T | d(1 T , s) < ε} ⊆ U for some ε ∈ R >0 . Now consider
and let g ∈ B L . By Theorem 3.1 there exists an h ∈ L such that s := hgh −1 ∈ T . Note that
by bi-invariance of d. It follows that s ∈ B T ⊆ U ⊆ W 8r 2 . But as W 8r 2 is conjugacy-invariant, this means that g ∈ W 8r 2 . We conclude that B L ⊆ W 8r 2 . As B L ∋ 1 L is open in L, this shows that L is invariant Steinhaus with exponent 8r 2 . Hence L has (IAC) by Theorem 2.9.
